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Abstract
We study irrational pencils with isolated critical points on compact aspherical complex
manifolds. We prove that if the set of critical points is nonempty, the homology of the kernel
of the morphism induced by the pencil on fundamental groups is not finitely generated. This
generalizes a result by Dimca, Papadima and Suciu. By considering self-products of the
Cartwright-Steger surface, this allows us to build new examples of smooth projective varieties
whose fundamental group has a non-finitely generated homology.
1 Introduction
1.1 Finiteness properties and fundamental groups of smooth projective
varieties
Recall that a group G is of type F`, for some integer `, if there exists a classifying space for G
(i.e. a K(G, 1)) which is a CW-complex with finite `-skeleton. This condition was introduced by
Wall [22]. For finitely presented groups, this is equivalent to the property of being of type FP`
(see [7] for the definition of this last property). Given a group G one can ask whether it admits
a classifying space which is a finite complex or whether it has property F` for some `. We refer
to [2, 3, 5, 18] for important works on these notions.
In the context of the study of fundamental groups of smooth projective varieties, called pro-
jective groups in what follows, Kolla´r asked in [14, §0.3.1] whether a projective group is always
commensurable (up to finite kernels) to a group admitting a classifying space which is a quasi-
projective variety. Since any quasi-projective variety has the homotopy type of a finite complex [10,
p. 27], a positive answer to this question would imply that any projective group is commensurable
to a group having a finite classifying space. However, a negative answer to Kolla´r’s question was
given by Dimca, Papadima and Suciu in [11]. To describe their results let us introduce some
notations.
Notations. All along the text, X will be a (connected) compact complex manifold of complex
dimension n ≥ 2 and S will be a closed Riemann surface of positive genus. A holomorphic surjective
map with connected fibers f : X → S is called an irrational pencil. For such a map, we will always
denote by Λ the kernel of the induced homomorphism f∗ : pi1(X)→ pi1(S).
In [11] the authors proved the following two results.
aPartially supported by the french project ANR AGIRA.
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Theorem 1 (see Theorem C in [11]) If n ≥ 3 and if f : X → S is an irrational pencil with
isolated critical points, then the fundamental group of a smooth fiber of f embeds into that of X
and coincides with the kernel Λ of the induced homomorphism f∗ : pi1(X)→ pi1(S).
Theorem 2 (see §2 in [11]) Let X = Σ1 × · · · × Σn be a direct product of n Riemann surfaces
of genus greater than 1 and let S have genus 1. If f : X → S is an irrational pencil with isolated
critical points then the group Hn(Λ,Q) is not finitely generated.
Remark 3 If we use the group structure on S, it is easy to see that any irrational pencil f : X → S
as above is the sum of some holomorphic maps fi : Σi → S, i.e. f(p1, . . . , pn) = f1(p1) + · · · +
fn(pn). If all the fi’s are nonconstant and n ≥ 2, f has connected fibers if and only if it is pi1-
surjective, see Lemma 2.1 in [16]. The set of critical points of f is the product of the critical sets
of the fi’s. Hence f has isolated critical points if and only if all the fi’s are nonconstant.
Combining these two results, Dimca, Papadima and Suciu answered negatively Kolla´r’s ques-
tion. Indeed in the situation of Theorem 2 the group Λ, which is the fundamental group of a
smooth fiber of f if n ≥ 3, cannot be of type FPn as the group Hn(Λ,Z) is not finitely generated.
The property of being of type FPn is invariant by the commensurability relation [3, 11]. Therefore,
no group commensurable to Λ can have a finite classifying space.
Building on the work [11], further examples of fundamental groups of smooth projective varieties
with exotic finiteness properties were constructed and studied by Llosa Isenrich [16, 17] and by
Bridson and Llosa Isenrich [6]. Note however that all the examples studied in [6, 16, 17] are either
subgroups of direct products of surface groups or extensions of such subgroups as in [6]. The
purpose of this note is to provide further examples of fundamental groups of smooth projective
varieties violating the F` condition for some ` and which are not isomorphic to subgroups of direct
products of surface groups (see Proposition 6), as well as to prove that the conclusion of Theorem 2
holds in much greater generality.
1.2 Irrational pencils and Betti numbers
Let f : X → S be an irrational pencil with dimCX = n. We assume that the critical points of
f are isolated and that f is not a submersion; its critical set is then a nonempty finite set. Let
X̂ → X be the covering space such that pi1(X̂) ' Λ. Our main results are the following:
Theorem A The homology group Hn(X̂,Q) is not finitely generated.
Theorem B If X is aspherical, the group Hn(Λ,Q) is not finitely generated. In particular Λ is
not of type FPn.
Note that ifX is aspherical, the space X̂ is aK(Λ, 1), hence Theorem B follows from Theorem A.
The very short proof of Theorem A will be given in Section 2.
When n ≥ 3, the group Λ is isomorphic to the fundamental group of a generic fiber of f ,
thanks to Theorem 1. Hence, when n ≥ 3 and X is aspherical and projective, Λ is a projective
group with exotic finiteness properties. We now discuss the relation of our results with the earlier
works [4, 11, 13, 16, 17].
• To study the topology of the covering space X̂, we follow the same method as in the works [11, 13],
which can be seen as a complex analog of Bestvina and Brady’s work [2]. Namely, denoting by Ŝ
the universal cover of S, we consider the lift f̂ : X̂ → Ŝ of f and analyze the topology of X̂ by
viewing it as the union ∪k≥1f̂−1(Dk) where (Dk)k≥1 is an increasing union of disks in Ŝ.
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• In the special case when X is a product of Riemann surfaces and S has genus 1, Theorem B
reduces to Theorem 2 above. Dimca, Papadima and Suciu’s proof was based on the notion of
characteristic varieties. Our proof however is more direct and applies in full generality: X can be
any aspherical manifold and the genus of S need not be equal to 1a.
• When X is a product of Riemann surfaces, the fact that Λ is not of type FPn can be deduced
from the work of Bridson, Howie, Miller and Short [5]. See [16, 17] for further results which rely
on properties of subgroups of direct products of surface groups.
• Under the same assumptions as in Theorem B, the article [4] proves the weaker result that the
group Λ is not of type FP see [7, §VIII.6] for the definition of this property and Theorem 7.3 in [4]
for this result.
• When n = 2, Kapovich [13] has proved that if f : X → S is an irrational pencil which is not
a submersion, with no multiple fiber and with X aspherical, then the group Λ = ker(f∗) is not
finitely presented (without assuming that f has isolated critical points). In the case of maps with
isolated critical points, Theorem B gives a slight strengthening of Kapovich’s result since a finitely
presented group must have finitely generated second homology group. Our proof is very close in
spirit to the one in [13].
1.3 Self-products of the Cartwright-Steger surface
It is of course interesting to look for more examples of projective (or closed Ka¨hler) manifolds
endowed with an irrational pencil to which one can apply Theorems A and B. One way to build
new examples is to use the Cartwright-Steger surface. Recall that this surface is a smooth compact
complex surface which is a quotient of the unit ball of C2. It is characterized (up to changing
the sign of the complex structure) by the fact that its Euler characteristic is equal to 3 and its
first Betti number is equal to 2. It was discovered in [9] in the context of the classification of fake
projective planes. It was further studied by several authors, see for instance [8, 19, 20].
We now denote by Y the Cartwright-Steger surface and by h : Y → E its Albanese map, whose
target is an elliptic curve since b1(Y ) = 2. Cartwright, Koziarz and Yeung [8] have proved that the
map h has isolated critical points and Koziarz and Yeung later proved that these critical points
are nondegenerate [15]. We can thus consider the product Y b of Y with itself b times and the map
h+ · · ·+ h : Y b → E. (1)
This provides natural examples to which one can apply Theorem A. We discuss these examples in
section 3. Denoting by Γ < PU(2, 1) the fundamental group of the Cartwright-Steger surface, our
construction together with Theorem B immediately implies:
Theorem C The direct product of b copies of Γ contains a coabelian normal subgroup N which is
of type FP2b−1 but satisfies that H2b(Λ,Q) is not finitely generated.
The group N appearing above is the kernel of the morphism on fundamental groups induced
by the map (1). The fact that N is of type FP2b−1 will be explained at the end of section 2, in
Remark 5. For a description of the lattice Γ, we refer the reader to [8].
aOn the other hand the article [11] also studies the finiteness properties of arbitrary normal coabelian subgroups
of direct products of fundamental groups of closed surfaces, not necessarily coming from irrational pencils.
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2 Growth of the n-th Betti number
We prove here Theorem A. We let f : X → S and X̂ → X be as in section 1.2. Let Ŝ be the
universal cover of S and f̂ : X̂ → Ŝ be a lift of f . The surface Ŝ is topologically a plane. As
in [11], we study the topology of X̂ by viewing it as the increasing union of a well-chosen sequence
of compact subsets of Ŝ. We write
Ŝ = ∪k≥1Dk
where each Dk is homeomorphic to a closed disk, Dk ⊂ Int(Dk+1), no critical value of f̂ is contained
in the boundary of Dk, Dk+1 −Dk contains exactly one critical value for k ≥ 1 and D1 contains
no critical value. We set X̂k := f̂
−1(Dk). Hence X̂1 retracts onto a smooth fiber of f̂ . For k ≥ 2,
the topology of the space X̂k is described thanks to the following proposition.
Proposition 4 The space X̂k+1 has the homotopy type of a space obtained from X̂k by gluing to
it a finite number of n-dimensional cells.
This proposition is well-known and already appears in [11] (see e.g. Lemma 3.3). We briefly
sketch its proof below, for the reader’s convenience.
Proof. Let c : [0, 1] → Int(Dk+1) be an embedded arc going from a boundary point c(0) of Dk to
the unique critical value contained in Dk+1 −Dk. We assume that c(t) /∈ Dk for t > 0. Let D∗ be
a small disk centered at c(1) and contained in Int(Dk+1).
Dk
D∗c
Figure 1: The disks Dk and D
∗
Since the restriction of f̂ to the preimage of the set of regular values is a locally trivial fibration,
X̂k+1 deformation retracts onto X̂k∪ f̂−1(c([0, 1])∪D∗) (see Figure 1). The conclusion now follows
from the fact that f̂−1(D∗) has the homotopy type of a smooth fiber of f̂ with finitely many n-
cells attached. If the map f̂ has only nondegenerate critical points, this last fact follows from the
classical study of Lefschetz fibrations, see [21, §14.2.2]. In general, this follows from the fact that
f̂ can be perturbed to a topological Lefschetz fibration by considering a morsification near each
critical point (see [12, §5.4] or [1]). 2
Proposition 4 immediately implies the following:
Observation. The sequence bn−1(X̂k) = dimQHn−1(X̂k,Q) is decreasing with k.
Let k0 be a large enough integer such that the sequence
(bn−1(X̂k)k≥k0
is constant. We will now prove that the sequence (bn(X̂k))k≥k0 is strictly increasing with k and
that each map
Hn(X̂k,Q)→ Hn(X̂k+1,Q) (2)
induced by the inclusion X̂k ↪→ X̂k+1 is injective for k ≥ k0. This immediately implies Theorem A
since the group Hn(X̂,Q) is the direct limit of the Hn(X̂k,Q)’s.
We know that X̂k+1 has the homotopy type of a space obtained by gluing successively finitely
many n-cells to X̂k. Actually there is a finite sequence of subspaces W0 = X̂k ⊂ W1 ⊂ · · · ⊂
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Wr = X̂k+1 where each Wj deformation retracts onto a subspace W
′
j obtained by gluing a ball of
dimension n to Wj−1 via an embedding of its boundary. We write:
W ′j = Wj−1 ∪ Cj (3)
where each Cj is homeomorphic to an n-dimensional ball and Wj−1 ∩ Cj = ∂Cj . Since the
inclusion of X̂k into X̂k+1 induces an isomorphism on (n − 1)-dimensional homology groups, the
same occurs for each inclusion Wj−1 ↪→Wj (and Wj−1 ↪→W ′j). We now apply the Mayer-Vietoris
exact sequence to the decomposition of W ′j given in (3). We obtain (all homology groups being
with Q coefficients):
Hn(∂Cj) // Hn(Wj−1)⊕Hn(Cj) // Hn(W ′j)

Hn−1(∂Cj) // Hn−1(Wj−1)⊕Hn−1(Cj) // Hn−1(W ′j)
(4)
Since the groups Hn(∂Cj), Hn(Cj) and Hn−1(Cj) are zero we obtain:
{0} // Hn(Wj−1) // Hn(W ′j) // Hn−1(∂Cj) // Hn−1(Wj−1) // Hn−1(W ′j). (5)
The last arrow on the right being an isomorphism, this implies that the following sequence is exact:
{0} // Hn(Wj−1) // Hn(W ′j) // Hn−1(∂Cj) // {0}. (6)
This implies that each inclusion Wj−1 ↪→ W ′j (and hence the inclusion Wj−1 ↪→ Wj) induces an
injective map on Hn(·,Q) and that bn(Wr) = bn(W0) + r. Note that r is the sum of the Milnor
numbers of the critical points of f̂ contained in the unique singular level set inside X̂k+1 − X̂k. In
particular r > 0. This is the desired result and concludes the proof of Theorem A.
Remark 5 Assume that X is aspherical. Then the space X̂ is a K(Λ, 1). It has the homotopy
type of a smooth fiber of f̂ (or f) with an infinite number of n-dimensional cells attached. This
observation already appears in [11] (see Corollary 5.8). This implies that Λ is of type Fn−1 (hence
FPn−1), although it is not of type FPn.
3 Examples built from the Cartwright-Steger surface
We resume with the notation from Section 1.3. The Cartwright-Steger surface is denoted by Y
and h : Y → E is its Albanese map. Besides considering the products Y × · · · × Y , one can
also build more examples by combining the construction by Dimca, Papadima and Suciu and our
construction. We fix a family of ramified covers pi : Σi → E of the elliptic curve E (1 ≤ i ≤ a),
where each Σi has negative Euler characteristic. We then consider the map
f : Σ1 × · · · × Σa × Y × · · · × Y → E
(where there are b ≥ 1 copies of Y ) which is the sum of the pi’s and of the map h on each copy of
Y . All the results untill the end of this section also apply when a = 0, i.e. when one studies the
map f = h+ · · ·+ h as in (1).
The map f has a finite non-empty set of critical points and connected fibers. This last point
follows from the fact that h : Y → E has connected fibers. We denote by Λ the kernel of the map
induced by f on fundamental groups. Theorem 1 and Theorem B imply that the group Ha+2b(Λ,Q)
is not finitely generated and that Λ is projective if and only if 2b+a ≥ 3. The following proposition
shows that the group Λ is of a different nature compared to the examples from [11, 16].
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Proposition 6 The group Λ does not virtually embed in a direct product of surface groups.
By a surface group we mean here the fundamental group of an oriented surface of finite type
(open or closed). Hence a surface group is either free or the fundamental group of a closed oriented
surface. To prove Proposition 6, we will make use of the following theorem due to Bridson, Howie,
Miller and Short [5].
Theorem 7 Let F1, ..., Fm be surface groups. Let G be a subgroup of their direct product F1 ×
... × Fm. If G is of type FPm, then G is virtually isomorphic to a direct product of the form
H1 × · · · ×Hk where k ≤ m and each Hi is a surface group. In particular G is of type FP∞.
Besides this theorem, we will also use the fact that the property of being FPm (for m ∈ N∪{∞})
is invariant under passing to a subgroup or an overgroup of finite index [7, VIII.5.1].
Proof of Proposition 6. The group Λ sits inside the direct product
pi1(Σ1)× · · · × pi1(Σa)× pi1(Y )× · · · × pi1(Y ). (7)
Each factor in this direct product (either one of the pi1(Σj) or one of the copies of pi1(Y )) intersects
Λ nontrivially. This implies that Λ contains copies of the group Za+b. The Gromov hyperbolicity
of each factor implies that Za+b+1 does not embed in Λ. Now suppose that a finite index subgroup
Λ1 of Λ embeds in a direct product of surface groups F1 × · · · × Fm. By taking m to be minimal,
we may assume that Li = Λ1 ∩ Fi is nontrivial for i = 1, ...,m. Otherwise Λ1 embeds in a direct
product of m−1 surface groups. Since Λ1 does not contain any nontrivial abelian normal subgroup,
this implies that each Fi is non-abelian, hence hyperbolic. A similar argument as before then shows
that Λ1 contains copies of Zm but no copy of Zm+1. Hence m = a+ b. By remark 5, the group Λ1
is of type FP2b+a−1 since Λ is. Since 2b + a − 1 ≥ m = a + b, Λ1 is of type FPm and Theorem 7
implies that Λ1 is of type FP∞. This contradicts the fact that Λ1 is not of type FPa+2b. 2
Finally, we compute, in some cases, the first Betti number of the group Λ = ker(f∗). A similar
computation appears in [17, §7], which applies to some of the examples built in [11, 16, 17].
Proposition 8 Assume that a + 2b ≥ 3. Assume furthermore that b ≥ 2 or that b = 1 and that
the map pi1(Σj) → pi1(E) is surjective for some j ∈ {1, . . . , a}. Then the first Betti number of Λ
is equal to:
b1(Σ1 × · · ·Σa × Y b)− 2.
Proof of Proposition 8. We consider the surjective homomorphism Λ → pi1(Σ1) × · · · × pi1(Σa) ×
pi1(Y )
b−1 obtained by considering the inclusion of Λ in the direct product (7) and by projecting
onto the first a+ b− 1 factors. Its kernel N consists of elements of the form
(1, . . . , 1, g) ∈ pi1(Σ1)× · · · × pi1(Σa)× pi1(Y )× · · · × pi1(Y )
where g ∈ ker(h∗); it is isomorphic to ker(h∗). Hence we have the following exact sequence:
0→ N → Λ→ pi1(Σ1)× · · · × pi1(Σa)× pi1(Y )b−1 → 0.
It induces the following short exact sequence (see [7, VII.6], all homology groups are taken with Z
coefficients):
H1(N)Λ → H1(Λ)→ H1(pi1(Σ1)× · · · × pi1(Σa)× pi1(Y )b−1)→ 0. (8)
Here H1(N)Λ is the group of coinvariants of H1(N) for the Λ-action. It is isomorphic to the
quotient of N by the group [N,Λ] generated by commutators of elements of Λ and of N . Note
that if x = (1, . . . , 1, g) ∈ N and y = (y1, . . . , ya, h1, . . . , hb) ∈ Λ then
xyx−1y−1 = (1, . . . , 1, ghbg−1h−1b ).
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Hence when we identify N with ker(h∗), [N,Λ] is identified with the group [ker(h∗), pi1(Y )] (we
are using here that b ≥ 2 or that one of the pi1(Σj) surjects onto pi1(E)). In particular the groups
H1(N)Λ and H1(ker(h∗))pi1(Y ) are isomorphic. Now the short exact sequence
0→ ker(h∗)→ pi1(Y )→ Z2 → 0
induces the short exact sequence (see [7, VII.6] again):
H2(Z2)→ H1(ker(h∗))pi1(Y ) → H1(Y )→ H1(Z2)→ 0.
Since the map H1(Y )⊗Q→ H1(Z2)⊗Q is an isomorphism, we obtain that H1(ker(h∗))pi1(Y )⊗Q
has dimension at most 1. Hence H1(N)Λ ⊗ Q has dimension at most 1. Since Λ is Ka¨hler and
hence has even first Betti number, this implies that the first arrow in (8) has finite image. Hence
H1(Λ)⊗Q and H1(pi1(Σ1)× · · · × pi1(Σa)× pi1(Y )b−1)⊗Q are isomorphic. This gives the desired
result. 2
Remark 9 The topology of the generic fiber of our map f (mainly its homotopy groups up to
dimension a+ 2b− 1) can be described thanks to Theorem 5.2 and Corollary 5.4 from [11]. Indeed
all the hypotheses required in loc. cit. are met in our context, except possibly for the hypothesis
on resonance varieties. However, that hypothesis is only used in [11] to prove that the group
Ha+2b(Λ,Q) is not finitely generated, a result that follows from our Theorem B.
Acknowledgements. We would like to thank Claudio Llosa Isenrich for his comments on this
text.
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